Linear structure in certain subsets of quasi-Banach sequence spaces by Tomaz, Daniel
ar
X
iv
:1
71
1.
06
04
9v
1 
 [m
ath
.FA
]  
16
 N
ov
 20
17
LINEAR STRUCTURE IN CERTAIN SUBSETS OF QUASI-BANACH
SEQUENCE SPACES
DANIEL TOMAZ
Abstract. For 0 < p < 1, we prove that there is a c-dimensional subspace of L (ℓp, ℓp) such
that, except for the null vector, all of its vectors fail to be absolutely (r, s)-summing regardless
of the real numbers r, s, with 1 ≤ s ≤ r <∞. This extends a result proved by Maddox in 1987.
Moreover, the result is sharp in the sense that it is not valid for p ≥ 1.
1. Introduction and Notation
Absolutely summing operators are usually investigated in the setting of Banach spaces. In
1987, Maddox showed that the definition can be reformulated for p-normed spaces E and F
when the topological dual of E, denoted by E ′, is non-trivial; for instance, if E = ℓp with
0 < p < 1. For 1 ≤ s ≤ r < ∞, a linear operator T : E → F is absolutely (r, s)-summing
if
∑
k ‖T (xk)‖
r < ∞ whenever (xk)
∞
k=1 is a sequence in E such that
∑
k |f (xk)|
s < ∞ for
each f ∈ E ′. The space of absolutely (r, s)-summing linear operators from E to F will denoted
by
∏
(r,s) (E;F ) and space of bounded linear operators from E to F will be represented by
L (E;F ).
When 0 < p < 1 and x = (xk)
∞
k=1 ∈ ℓp, we denote the natural p-norm of x by
‖x‖p =
(
∞∑
k=1
|xk|
p
) 1
p
.
Let E be a Banach or quasi-Banach space over K = R or C. A subset A of E is µ-lineable if
A∪{0} contains a µ-dimensional linear subspace ofE and is called µ-spaceable if A∪{0} contains
a closed µ-dimensional linear subspace of E. These notions of lineability and spaceability are
due to V.Gurariy ([6]), see ([2]). From now on c = card (R).
The purpose of this paper is to show that the set L (ℓp, ℓp)r
⋃
1≤s≤r<∞
∏
(r,s) (ℓp, ℓp) is c-lineable
for any 0 < p < 1, using a technique of lineability and spaceability explored in other contexts. In
([8, Theorem 4.1],) the authors showed that if E, F are Banach spaces, under certain conditions,
the set K (E, F )
⋃
1≤p<∞
∏
p (E, F ) is spaceable, where K (E, F ) denote the ideal compact
linear operators from E to F , substantially improving a result obtained in ([3, Theorem 2.1]).
What about the case of non-locally convex spaces, like ℓp for 0 < p < 1?
It is worth recalling that the structure of quasi-Banach or more generally, metrizable complete
topological vector spaces is quite different from the structure of Banach spaces. The consequence
is that the extension of lineability/spaceability arguments from Banach to quasi-Banach spaces
is not straightforward in general.
In ([11, page 1]), the author points out that many definitions and classical results in Banach
spaces can be translated in a natural way to definitions and results in quasi-Banach ou p-Banach
spaces. For example, the standard results depending on Baire Category, like Open Mapping
Theorem, are valid also in the context of quasi-Banach spaces. However, quasi-normed spaces
are not necessarily locally convex, and the Hahn-Banach theorem and results depending on it
are in general false in this context. For example, the dual space of Lp for 0 < p < 1 is {0}. See,
([[5], Theorem 1]).
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From now on all Banach and quasi-Banach spaces are considered over a fixed scalar field K
wich can be either R or C.
2. Preliminaries
Let us split N into countably many infinite pairwise disjoint subsets (Nk)
∞
k=1 . For each integer
k ∈ N, write Nk =
{
n
(k)
1 < n
(k)
2 < · · ·
}
and define
ℓ(k)p := {x ∈ ℓp : xj = 0 if j /∈ Nk} .
In addition, consider the sequence of linear operators i(k) : ℓp −→ ℓ
(k)
p given by
i(k) (x)
a
(k)
i
=
{
u (x)i , if k = j
0, if k 6= j
.
Now, for each k ∈ N , consider the sequence (uk)
∞
k=1 of operators belonging L (ℓp; ℓp) given by
uk : ℓp
i(k)
−→ ℓ(k)p
j
−→ ℓp
where j : ℓ
(k)
p −→ℓp this is the inclusion operator.
Lemma 2.1. Let p > 0. The operator T : ℓp −→ L (ℓp; ℓp) given by
T ((ak)
∞
k=1) =
∞∑
k=1
akuk
is well defined, linear and injective.
Proof. For (ak)
∞
k=1 ∈ ℓp we have
∞∑
k=1
‖akuk‖
p
L(ℓp;ℓp)
=
∞∑
k=1
|ak|
p . ‖uk‖
p
L(ℓp;ℓp)
=
∞∑
k=1
|ak|
p .
∥∥i(k)∥∥p
L
(
ℓp;ℓ
(k)
p
)
=
∞∑
k=1
|ak|
p . ‖u‖pL(ℓp;ℓp)
= ‖u‖pL(ℓp;ℓp) .
∞∑
k=1
|ak|
p <∞.
In this way, the map
T : ℓp −→ L (ℓp; ℓp) , T ((ak)
∞
k=1) =
∞∑
k=1
akuk
is well-defined. It is clear that T is linear and injective. 
Lemma 2.2. Let p > 0. Then dimL (ℓp; ℓp) = c.
Proof. For 0 < p < 1, ℓp is quasi-Banach space (p-Banach-space). So, L (ℓp; ℓp) is quasi-
Banach space (see ([7, page 322]). Using the Baire Category Theorem it is not difficult to
prove that every infinite-dimensional quasi-Banach space has dimension not smaller than c. So
dimL (ℓp; ℓp) ≥ c. On the other hand, let γ be a Hamel basis of L (ℓp; ℓp) and
f : γ −→ ℓc00(Q)p
T 7−→ T|c00(Q) ,
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where ℓ
c00(Q)
p is the set of all functions from c00 (Q) to ℓp. By c00 (Q) we mean the eventually
null sequences with rational entries. From the density of c00 (Q) to ℓp we conclude that f is
injective and so
dimL (ℓp; ℓp) = card (γ) ≤ card
(
ℓc00(Q)p
)
= cℵ0 = c.
Therefore, dimL (ℓp; ℓp) = c. The case p ≥ 1 is similar. 
Definition 2.3. Let p ∈ (0,∞). A proper subset D ( L (ℓp; ℓp) is stable if there is u /∈ D such
that uk /∈ D for all k and the linear operator T : ℓp −→ L (ℓp; ℓp) given by
T ((ak)
∞
k=1) =
∞∑
k=1
akuk
is such that T
(
(aj)
∞
j=1
)
⊂ L (ℓp; ℓp) \ D, for all 0 6= (aj)
∞
j=1 in ℓp.
Proposition 2.4. Let p > 0 and D ( L (ℓp; ℓp) be stable. Then L (ℓp; ℓp)D is c-lineable.
Proof. Since T is linear and injective, T (ℓp) is a c-dimensional subspace of L (ℓp; ℓp) . Since D
is stable we have T (ℓp) {0} ⊂ L (ℓp; ℓp)D. Therefore, L (ℓp; ℓp)D is c-lineable. 
The next theorem is fundamental to the proof of our main result. It has been proven by
Maddox in ([10]), from results obtained by Macphail in ([9]).
Theorem 2.5. ([10, Theorem 4]) Let 0 < p < 1 and 1 ≤ s ≤ r < ∞. Then the identity map
i : ℓp −→ ℓp is non (r, s)-absolutely summing.
3. The main result
Theorem 3.1. Let 0 < p < 1 and 1 ≤ s ≤ r <∞. Then L (ℓp, ℓp)r
⋃
1≤s≤r<∞
∏
(r,s) (ℓp, ℓp) is
c-lineable. Moreover, the result is sharp, since it is not valid for p ≥ 1.
Proof. It is enough to prove that D :=
⋃
1≤s≤r<∞
∏
(r,s) (ℓp, ℓp) is stable. Let i : ℓp −→ ℓp the
identity map. By Theorem 2.5, i is non (r, s)-absolutely summing for 1 ≤ s ≤ r <∞ , that is,
i /∈ D. Now, let us split N into countably many infinite pairwise disjoint subsets (Nk)
∞
k=1 . For
each integer k ∈ N, write Nk =
{
n
(k)
1 < n
(k)
2 < · · ·
}
and define
ℓ(k)p := {x ∈ ℓp : xj = 0 if j /∈ Nk} .
In addition, consider the sequence of linear operators i(k) : ℓp −→ ℓ
(k)
p given by
i(k) (x)
a
(k)
i
=
{
i (x)i , if k = j
0, if k 6= j
.
Now, for each k ∈ N , consider the sequence (uk)
∞
k=1 of operators belonging L (ℓp; ℓp) given by
uk : ℓp
i(k)
−→ ℓ(k)p
j
−→ ℓp
where j : ℓ
(k)
p −→ℓp this is the inclusion operator. Note that
‖uk‖L(ℓp;ℓp) =
∥∥i(k)∥∥
L
(
ℓp;ℓ
(k)
p
) = ‖i‖L(ℓp;ℓp)
for each positive integer k. Like this, uk /∈ D. For 0 6= (ak)
∞
k=1 in ℓp, by Lemma 2.1, the
operator T : ℓp −→ L (ℓp; ℓp) given by
T ((ak)
∞
k=1) =
∞∑
k=1
akuk
is well defined, linear and injective. Since the supports of the operators uk are pairwise disjoints,
we have T ((ak)
∞
k=1) ⊂ L (ℓp; ℓp) \ D. Therefore, D is stable. The result follows then from the
Proposition 2.4.
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For p ≥ 1, it is well known that∏
(max{p,2},1)
(ℓp, ℓp) = L (ℓp; ℓp)
and thus
L (ℓp; ℓp) \ D = ∅.

Our main result shows that, in the case of absolutely summing operators, we have a different
results when dealing with quasi-Banach and Banach spaces. However, in other settings quasi-
Banach and Banach spaces behave similarly, as we can see in the following examples:
Example 3.2. For p, q > 0, the set of injective operators in L (ℓp; ℓq) is c-lineable. In fact,
defining D as the set of non-injective operators in L (ℓp; ℓq), we can easily see that D is stable
and by Proposition 2.4 we conclude that L (ℓp; ℓq)D is c-lineable.
Using a variation of the notion of stability we can also easily obtain the following examples:
Example 3.3. For p, q > 0 the set D = {T ∈ L (ℓp; ℓq) : T is non surjective} is spaceable. In
fact, for each integer k, consider the sequence of operators Tk : ℓp −→ ℓq in L (ℓp; ℓq) given by
Tk (x) = (0, 0, . . . , xk, 0, 0, . . .)
with xk in (k + 1)th position and x in ℓp. Note that Tk is non surjective for all k ∈ N. Moreover,
the operator Ψ : ℓ1 −→ L (ℓp; ℓq) given by Ψ ((ak)
∞
k=1) =
∞∑
k=1
akTk is well defined because,
∞∑
k=1
‖akTk‖ =
∞∑
k=1
|ak| . ‖Tk‖
=
∞∑
k=1
|ak| .1 <∞.
It is clear that Ψ is linear and injective. By construction of operators Tk, Ψ ((ak)
∞
k=1) is non
surjective. Therefore, Ψ ((ak)
∞
k=1) ⊂ D. We conclude that D is spaceable.
Example 3.4. For p, q > 0 the set D = {T ∈ L (ℓp; ℓq) : T is non injective} is spaceable. In
fact, the proof is analogous to that of the previous example, it is sufficient to consider the
sequence of operators Rk : ℓp −→ ℓq in L (ℓp; ℓq) given by
R1 (x) = (x2, 0, 0, . . .) and Rk (x) = (0, 0, 0, . . . xk+1, 0, . . .) for k > 1
with xk+1 in kth position. We can easily see that Rk is non injective for all k ∈ N and the
result follows.
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